Inaccurate use of asymptotic formulas
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The asymptotic form of the plane wave decomposition into spherical waves, which is used to
express the scattering amplitude in terms of phase shifts, is incorrect. We explain why and show how
to circumvent the mathematical inconsistency.2@4 American Association of Physics Teachers.
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In quantum mechanics the following plane wave decom- n
position into spherical waves is used a (%) ( f(x)— > a,(x)) —0 for x—Xg. (5)
n =0
glkr— 2 i'(214+1)P,(cos®)j,(kr), 1) Equivalently, the series is asymptotic if
=0
) . ay+1(Xx)
wherek-r=kr cos0, P, is thelth Legendre polynomial, and a(x) —0  for X—Xg. (6)

i) is thelth spherical Bessel function. Because we are inter- o o _
ested in the large distance behavior of the wave function ifPue to the definition(5), any finite subseries of an
scattering theory, we need the asymptotic form of the spheriasymptotic series approximates the functi¢r) and the ap-
cal function proximation becomes better and betterxasx,. However,
. the serieg3) does not satisfy the conditiof®), and conse-
sm(krk— ml/2) 2) quently, it cannot be treated as an asymptotic expansion of
p ;

ji(kr)= !
hkr) e’k at large distances.
and we rewrite Eq(1) as

What is wrong with the expansidi®)? It appears that the
approximate formuld2) requires that

eik'f;k—lrzo i'(21+1)P (cos®)sin(kr—ml/2).  (3) kr>31(1+1). @

) o ) For completeness, we derive this condition here, and find not
Equation (3) is given in numerous textbooks on quantum gy the first but also the second term of the ékpansion of
”?echa"‘z'cs' mqludmg those 01_‘ Schffand L_andau and i1(2). It is well known (see, for example, Ref.)4hat the
L|fsh|t_z. Astonishingly, expressp(ﬁ) is meaningless, and spherical Bessel functions can be written as
for this reason we put the question mark over the approxi-
mate equality. The series is not only divergent, but it cannot | 1 d\'sinz
even be treated as an asymptotic expansion of the function 11(2)=2| — Zdzl z - ®
e'k" at large distances. .

To see how badly the seri¢3) diverges, we consider the |f we use Eq.(8) and the recursion formula,

special case cd3=1. Then,P|(1)=1, and after a simple d/1
calculation we obtain hii1(2)= _Zld_z(?j'(z))’ 9
7 sin(kr) — i i i
ok rl‘(( ) S (214 1)c02(#1/2) we can easily prove by induction that
ri=o _ sinz—#l/2) 1 cod z— l/2)
» W)=———+51(+]) ————
. cogkr) ) z 2 z
—i > (21+1)sir(wl/2) (4a)
kr =0 1
sin(kr) < cogkr)
R nzo (4n+1)—i— nzo (4n+3). If we compare the two terms of the expansid®), we find

(4b) that the approximatiof2) holds if the condition(7) is satis-

) ) ) fied. When we perform the summation in E®), we find
According to Eq.(4), both the real and imaginary parts of that the terms for sufficiently largeviolate the requirement
e'" contain a divergent series, for any v_aluerc_)f (7), and effectively destroy even the approximate equality.

However, we often consider asymptotic series that are di- Although the decompositioid) is incorrect, the results
Vel’gent, but still CorreCtly represent certain functions. Th%bta|ned by means of it are usua”y correct. Obvious|y, the

infinite seriesag(x)+ay(x)+ay(x)+ -+ is the asymptotic famous formula that expresses the scattering amplitude via
expansion of the functiofi(x) at X (which can be infinite  the phase shifts is correct. However, it is of interest to see
if 3 why the derivation works. Therefore, we first discuss the
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standard procedure, which can be found, for example, invhere we have taken into account that the Legendre polyno-
Refs. 1 and 2, and then we show how to avoid the mathmials are orthogonal
ematical inconsistency.

. . +1 2 ,
By assuming azimuthal symmetry, the scattered wave f d(cos®)P,(cosO) P, (cos®) = S (18

function is 1 21+1
Bi(r)= D Ai'(21+1)P,(cos®)Ry(r), (11) We decompose the scattering amplitude,
=0 o
1
where theR, are the radial wave functions and tlg are f(O)= mzo C,i'(2|+1)P,(cos®), (19

coefficients to be determined. If we assume that the asymp-
totics of the radial functions are

sin(kr—ml/2+ 6))
kr ’

where s, denotes théth phase-shift, we can rewrite E.1)
as

and we project the scattered wave functidd) as
. ikr
e'kr+f(®)T> P,(cos®)

R(r)~ 12 N

1
d(cosO)
-1

ikr
=2i'<j|(kr)+C|—). (20)
21> y r
¢k(r)mﬁ|:zo A2 +1)P (cosO) Next, we equate the asymptotic forms of the projectidig

) and(20), and thus, instead of Eq15), we obtain
Xsin(kr—l/2+ 6)). (13 ”
IKr

We still put the question mark over the equalities that are A sin(kr— #l/2+ &) =sin(kr— @l/2) + Ck—.  (21)
mathematically inappropriate. r
Now, we compare the wave functioid3) with the ex- : ik ikr
pected asymptotic form of the scattered wave function W& compare the terms piraoportlonaleto ande™, respec-
e tively, and find thatA,=¢€'° and

p(r) =€ +1(0) —, (14 1
r CI :me—mlm[emzﬂ _ 1]’ (22)
wheref(®) is the scattering amplitude. If we use the plane-
wave decompositioi3), we find which, due to Eq(19), again provides the correct res(l).
1 Although the problem discussed here looks purely aca-
— > Ai'(21+1)P,(cos®)sin(kr — w1 /2+ &) demic it was discovered in the course of concrete calcula-
Kri=o tions. To simplify the calculation of a correlation function

where the scattering wave function enters, we used the form
(13) with A;=¢'% as is given in many books. We were inter-
T ested in the complete sum of partial waves, and we used Eq.
(15) (13) instead of Eq(14) to exploit the orthogonality of Leg-
endre polynomials. Needless to say the calculation went

. 7k . ; N h
If we equate the terms proportional & ™', we find that  \rong, showing that the asymptotic expressions must be
A,=¢€'? which when substituted into the terms proportionaltreated very carefully.

to X", provides the well-known result

o)

2 * ikr

21
NWIZO i'(21+1)P,(cos®)sin(kr — 7l/2) + f(©)

1(0)= 5 2 (21+1)Pi(cosO)[e”?~1]. (16  ACKNOWLEDGMENTS

We obtained relatiofil6) using the mathematically meaning-  We are very grateful to Konrad Bajer and Iwo Biatynicki-
less equationg3), (13), and (15). Next, we show how to Birula for correspondence and stimulating criticism.
derive Eq.(16) avoiding the inconsistency.

Again we start with the wave function in the for(il), dElectronic mail: radcypmaj@poczta.onet.pl
and we use the asymptotics of the radial wave functid), PElectronic mail: mrow@fuw.edu.pl

) . \ .
but only for fixed values of. For this reason we calculate - - Schiff, Quantum MechanicéMcGraw—Hill, New York, 1968.
the pro}/ection E. M. Lifshitz and L. D. LandauQuantum MechaniesNon-relativistic

Theory(Pergamon, Oxford, 1981

+1 3E. T. CopsonAsymptotic Expansior€ambridge U.P., Cambridge, 1965
f d(cos®) ¢, (r)P,(cos®)=2i'AR(r), (17 4G. A. Korn and T. M. KornMathematical HandbookMicGraw—Hill, New
-1 York, 1968.

923 Am. J. Phys., Vol. 72, No. 7, July 2004 R. Maj and S. Muozyrski 923



