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STREAM INSTABILITIES OF THE QUARK-GLUON PLASMA 
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The instabilities occurring when two streams of plasma collide are studied by means of the kinetic-theory approach to the 
quark-gluon plasma oscillations. The relevance of the phenomenon for the plasma from ultrarelativistic heavy-ion collisions is 
discussed. 

The perspectives to generate the QCD plasma in 
ultrarelativistic heavy-ion collisions stimulate exten- 
sive studies of  the possible signals which will allow us 
to conclude that the state of  deconfined quarks and 
gluons is indeed produced in these collisions. For the 
general background see ref. [ 1 ]. In this paper I con- 
sider the phenomena well-known from the electro- 
dynamic (electron-ion) plasma, which can be helpful 
in distinguishing the quark-gluon plasma. Specifi- 
cally, I discuss instabilities i.e. specific oscillations, 
the amplitudes of which increase, usually exponen- 
tially, in time. The existence of instabilities is proba- 
bly the most characteristic feature of the 
electromagnetic plasma. The development of  them 
makes the motion of plasma particles essentially col- 
lective and it leads to a specific plasma behaviour far 
different from that of  normal fluids or gases. The first 
steps towards studying the quark-gluon plasma in- 
stabilities have been taken. The existence of the so- 
called pinch instability has been suggested in ref. [ 2 ], 
and the filamentation instability, which is also dis- 
cussed here, has been briefly considered in ref. [ 3 ]. 

The instabilities occur when the state of  the system 
deviates from global thermodynamical equilibrium. 
According to the terminology from the electron-ion 
plasma [ 4 ], the instabilities caused by the system in- 
homogenity are called macroscopic, while those, 
which appear when the momentum distribution of the 
plasma particles differs from the equilibrium one, are 
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known as the microscopic instabilities. In this paper 
I discuss only instabilities of  the second type. They 
seem relevant for the QCD plasma from nuclear col- 
lisions since it is expected that the momentum distri- 
bution along the beam axis is much broader than that 
of  the perpendicular momentum. 

The essential point for the relevance of an instabil- 
ity is the time scale of its development. To get insight 
in the problem, I consider the idealized situation of 
two homogenous colliding streams of colorless 
plasma. This particular situation could be studied by 
means of the chromohydrodynamic equations [ 5 ], 
which describe hydrodynamic evolution of the plasma 
interacting with the chromodynamic field. I use here, 
however, the much more powerful kinetic theory ap- 
proach described in detail in ref. [6], where the 
quark-gluon oscillations around the global equilib- 
rium have been discussed. 

The approach [ 6 ] is based on the gauge covariant 
transport theory [7] of  the QCD plasma with the 
SU(N)  gauge group. The kinetic equations of the 
quark and gluon distribution functions are linearized 
around the state where the color four-current and 
consequently the chromodynamic field vanish. The 
linearized equations are solved (with the chromo- 
dynamic field treated as external) and the chromoe- 
lectric permeability tensor is found. 

To study the oscillations of  the anisotropic plasma, 
one has to modify some of the results of  ref. [6 ], 
where the plasma has been assumed isotropic. An 
isotropic plasma does not interact with the chromo- 
magnetic mean field [ 8 ]. Following ref. [ 6 ] and us- 
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ing the methods of the electron-ion plasma, see e.g. 
refs. [4,9,10 ], one easily finds the chromoelectric 
permeability tensor of the anisotropic collisionless 
plasma 

(2r0 3 m - k v + i O  + 

xO(n(p)  + ~(p) + 2Nng(p) ) 
0p~ 

X [ ( 1 -  -~)  6 ~ +  k~P]  , (1) 

where a, r,  Y label the space axes; k= (to, k) is the 
wave four-vector; g is the coupling constant (a~ =g2/  
4n); p=  (E, p) is the plasma particle four-momen- 
tum; v = p / E  is the particle velocity; n(p) ,  ~ (p)  and 
rig(p) are the dynamical equilibrium distribution 
functions of quarks, antiquarks and gluons, respec- 
tively. The units are used, where c = h = k =  1. The 
chromoelectric permeability tensor has been derived 
under the assumption that the plasma in the dynam- 
ical equilibrium is colorless, i.e. the color four-cur- 
rent is zero, or, in other words, the dynamical 
equilibrium distribution functions are unit matrices 
in color space. As shown in ref. [ 6 ], the chromoelec- 
tric tensor (1), which emerges from the transport 
equations linearized around the colorless equilib- 
rium state, has no color indices. 

In the case of the linear approach to the QCD 
plasma oscillations [ 6 ], the dispersion relations are 
defined as in the electromagnetic plasma [4], i.e. by 
the equation 

de t l k28"~-k~kP-co2e~p(  k ) l =O . (2) 

The solutions of eq. (2) with the frequency which is 
pure real correspond to stable oscillation modes (the 
amplitude is constant in time), those with negative 
imaginary part of the frequency represent the damped 
modes (the amplitude exponentially decreases in 
time), and finally the solutions with positive imagi- 
nary frequency describe the unstable modes, the am- 
plitude of which increases in time. 

Let me now consider two colliding streams of the 
quark-gluon plasma. The streams are assumed infi- 
nite in space and homogenous. The densities of both 
streams in their rest frames are equal to one another. 
It is also assumed that the thermal energy of the 

plasma particle is much smaller than the particle en- 
ergy related to the stream collective motion. Then, 
the distribution function of quarks reads 

n ( p ) = ( 2 n ) a p [ d ~ a ) ( p - q ) + ~ o ) ( p + q ) ]  , (3) 

where Np has to be interpreted [for the SU(N) gauge 
group ] as the quark density of the stream in the ref- 
erence frame, where the stream velocities are oppo- 
site. The form of the distribution functions of 
antiquarks and gluons is analogous, however the gluon 
density is (N  2 -  1)pg. 

Substituting the distribution functions (3) in ( 1 ) 
and assuming that the vector q is parallel to the z-axis 
one gets 

exx( k ) =eYY( k ) = 1 - -~2 , 

exy(k )=EYx(k)=O , 

09 2 k~k~u 2 
ez (k )=Ezx(k )=  ~o 2 ~o2_k~u 2' 

~ w ( k ) = ~ v ( k ) = -  0902 kykzu 2 
0 )  2 (1) 2 k 2 u  2 , 

- z 

~ z ( k ) = l  o~02 o~ 2u2 o~+k~u ~ (k2+k~) 
0)2 (/)2 (0)2 kz2u2)2 

0)2 m2 3°)2-- k2 u2 (4)  
092 E 2 k~ u2 (092 k2u2)2 ,  

where 0902=g2(p+p+2Npg)/E is the plasma fre- 
quency, E = ~  2 is the particle energy in the 
stream and m is the particle thermal energy, which is 
assumed to be identical for quarks and gluons. (If  one 
considers the streams of massive particles with tem- 
peratures much smaller than the particle mass, m is 
just the particle mass.) Finally, u = l q l / E  is the 
stream velocity. 

Treating the plasma in the stream as a baryonless 
ideal gas of massless quarks and gluons, the parton 
thermal energy and the densities can be expressed 
through the gas temperature T as 

m = 3 T ,  

and 

pO+pO+2NpO = (3Nf+4N)~(3)  T3 
~2 

where Nf is the number of quark flavours; the index 
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0 labels the densities in the stream rest frame. Then, 
the plasma frequency reads 

09g=g2 ( 3 N r + 4 N ) ( ( 3 )  T2 " (5) 
3n 2 

Substituting the chromoelectric tensor (4) in (2) 
one finds the dispersion relations. Since we are inter- 
ested in the relativistic streams, u = 1 in further con- 
siderations. To simplify the analysis, let me consider 
two specific cases. 

( 1 ) Oscillations along the beam axis. Only the z- 
component of  the wave vector is nonzero [k=  (0, 0, 
k) ]. Then, eq. (2) is of the form 

(k2_ 092E .~-,-) (k2_  092e~v)~==0. 

There are two solutions (k z -  092Exx= k 2 -  09zew = 0), 
related to the transverse modes (the chromoelectric 
field is perpendicular to the wave vector), 

¢02=0902 + k  2 , (6) 

which are stable, and there is one solution corre- 
sponding to the longitudinal mode e--~=0. For ultra- 
relativistic streams (E>> m) the fourth term of e= 
from (4) can be neglected (except 092=k2) and the 
dispersion relation reads 

2 "~ 09 =095- (7) 

Therefore, the longitudinal mode, as the transverse 
ones, is stable. It is interesting to note that the anal- 
ogous longitudinal mode for nonrelativistic cold 
streams ( m = E )  is unstable [4]. 

(2) Oscillations perpendicular to the beam axis. I 
choose the wave vector along the x-axis [k=  (k, 0, 
0) ]. For this case eq. (2) reads 

6x"-(k2- 0926"Y) ( k Z -  09z~ --;) = 0 .  

The dispersion relation of the longitudinal model co- 
incides with (7) and the one of the transverse mode 
with the chromoelectric field along the y-axis has the 
form (6). Both modes are stable. For the transverse 
mode with the chromoelectric field along the z-axis, 
one finds two solutions of  the equation k 2 -  O.)2(.zz= O, 

09~ =½1092 +k2+x/(092 +kZ)E+g092k2] . (8) 

One sees that 09z+ >t0 and 09 2- ~<0. Therefore, the 
modes represented by 09+ are stable. On the other 
hand, the frequency of the modes related to the 0 9  
solution is pure imaginary. The mode with the nega- 

tive Im 09 is damped, and the one with the positive 
Im 09, which is called the filamentation mode [ 10], 
is unstable. In the further discussion I concentrate on 
the filamentation mode, the physical picture of  which 
is the following. A density fluctuation of the initially 
homogenous streams occurs. When the density gra- 
dient is nonzero in the direction perpendicular to the 
beam, the fluctuation increases in time, and finally 
the colliding streams are split into filaments of  trans- 
versal size equal to the half-wave-length of the initial 
fluctuation. The color currents are of the opposite sign 
in the neighbouring filaments. 

Let me consider the characteristic time z of devel- 
opment of the instability, which equals 1/Im 09 .  One 
sees from eq. (8) that the absolute value of 092- in- 
creases with k 2. I f k  2 >> 0902 one finds 

09 2- ~-0902(1-092/k2) . 

Therefore the maximal negative value of 092- is 
-0902. In this way one finds the minimal time of the 
instability development to be 

2"min ~ O)0 -1 , 

which occurs for k z >> 0902. 
Let me estimate the numerical value of rm~n. Sub- 

stituting Nf=2,  N = 3  and g =  1 (the approach [6] 
does not demand the smallness of  the coupling con- 
stant) in (5),  one finds that train equals 1.2 fm/c  for 
T=200  MeV and 0.5 fm/c  for T=500  MeV. The 
value Ofrmm given in ref. [ 3 ]  (0.1 fm/c)  is, in my 
opinion, underestimated. It should be also stressed 
that the present reasoning provides a lower limit of 
the time of instability development, since the parton 
collisions and plasmon decays [6] have been ne- 
glected. Both phenomena provide damping mecha- 
nisms of the oscillations and increase the value of'train. 
One should also remember that I have considered a 
rather idealized problem with the distribution func- 
tion (3). The calculations with more realistic func- 
tions are in progress. 

The question arises whether the filamentation in- 
stability can occur in the quark-gluon plasma pro- 
duced in heavy-ion collisions, and if it is possible to 
observe this process. The answer essentially depends 
on the conditions which are realized in the collisions, 
in particular, on the life-time of the deconfined state. 
The instability can develop if the plasma exists for a 
time significantly greater than ~'min- On the basis of  
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hydrodynamic  calculations (for a review see ref. 
[ 11 ] ), one can hope that  this is really the case. The 
problem of  detect ing the instabi l i ty  is more  difficult. 
The proposi t ion  made  in ref. [3 ] to observe hard  
photons  emi t ted  when the instabi l i ty  develops is, in 
my opinion,  rather  unrealist ic,  because of  many  pho- 
ton sources, e.g. neutral  pions,  which occur in nu- 
clear collisions at high energies. 

It is commonly  bel ieved that  the hadroniza t ion  
process is soft, i.e. that  hadrons  remember to some 
extent the m o m e n t u m  dis t r ibut ion  of  par tons  before 
the hadronizat ion.  Then,  hadrons  carry informat ion  
about  the collective mot ion  of  partons,  which occurs 
due to the instability. Because the development  of  the 
instabil i ty most  probably  leads to the generat ion of  
the par ton  jet ,  I propose to measure  the total  energy 
versus total  m o m e n t u m  of  the hadrons  in the hadron  
jet,  and to compare  it with the dispers ion relat ion of  
the p lasma oscillations. However,  this p rob lem needs 
further studies, which are now in progress. 

Let me recapi tulate  the considerat ions.  The system 
of  two colliding streams of  the quark-g luon  p lasma 
has been studied. It has been assumed that  the par ton 
thermal  energy in the s tream in much smaller  than 
the par ton  energy related to the collective s t ream mo- 
tion. The dispers ion relat ions o f  the p lasma waves 
have been discussed using the kinetic  theory ap- 
proach to the quark-g luon  p lasma oscil lat ions [6 ]. 
Only one unstable mode,  known as the f i lamenta t ion  
instabil i ty,  has been found. The relevance o f  the phe- 

nomenon  for the p lasma from nuclear  collisions has 
been discussed. 

I am grateful to George Fai  for reading of  the man-  
uscript,  and to the Niels  Bohr Insti tute,  where this 
s tudy has been completed,  for k ind  hospitali ty.  
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