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Heavy-quark potentials in the gluon plasma.
Analysis of the singlet and octet channels
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We analyse the Monte Carlo lattice data for the heavy-quark potentials in the SU(3) gluon plasma and find out that non-

perturbative effects are very different for singlet and octet QQ colour channels. The data are analysed within a plasma model,
where low-momenturmn gluons are converted into colourless modes and consequently are absent in the spectrum of deconfined

gluons.

It is expected from the asymptotic freedom of
quantum chromodynamics that at extremely high
temperatures and/or baryonic densities the quark-
gluon plasma (QGP) can be described as a system of
weakly interacting quarks and gluons. However, at
conditions achievable in real experiments on heavy-
ion collisions, QGP can be formed only near the
boundary of the phase transition to the “hadron gas”.
Thus, the standard perturbative approach to QGP is
surely inadequate in this case and even elementary
modes of QGP excitation are not known [1].

Monte Carlo (MC) simulations of lattice gauge
theories are the important quantitative method to
study non-perturbative effects in QGP. And indeed,
the MC data on the thermodynamical functions (en-
ergy density, pressure) of the SU(2) [2] and SU(3)
[3] gluon plasma (GP) manifest non-perturbative
effects, particularly evident in the temperature inter-
val between T, and 27, where T is the deconfine-
ment transition temperature. To explain the main
features of these data a simple (“cut-off”) model was
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proposed [2,4-7], where gluons with momentum
smaller than a critical value K are converted into col-
ourless modes, and consequently do not appear in the
spectrum of deconfined gluons. This model was fur-
ther used [8] to describe the MC data of the poten-
tial acting between heavy quark and antiquark (QQ)
in the SU(2) [9] and SU(3) [10] GP. The descrip-
tion of the SU(2) data was very successful, while the
analysis of the SU (3) data appeared rather inconclu-
sive. In the present paper we continue this study and
consider SU(3) data [10] in more detail. A new as-
pect of our analysis is the investigation of separate
colour channels. We find out rather different non-
perturbative effects in the heavy-quark potentials for
singlet and octet QQ colour states. This fact happens
to be crucial for the colour-averaged potential which
is more sensitive to the non-perturbative effects than
the singlet and octet potentials. For this reason the
perturbative relations for colour-averaged potential
[11] are strongly violated (see ref. [10]).

The QQ system can be in N, X N.=9 different col-
our states which are decomposed into 1 singlet (col-
ourless) state and 8 adjoint (colour) states. We de-
note corresponding singlet and octet QQ potentials
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as V= Vg and V= V,4;. The averaging over colour
orientations gives a colour-averaged potential V' [11]:

exp (— __V(;T)) =3exp (— Yirn 1) (;l T))

Ve(r, T
+iep (- 22T), (1)

where r is the distance between Q and Q, T is the
temperature of the GP. MC calculations [10] were
made, in fact, for Vand V, (Vj is calculated then from
eq. (1)). T and r are measured on the lattice of size
N3 X N, in units of the lattice spacing a:

1

T= N.a’

r=a,2a,.., iN,a,

(the upper limit for 7 arises because of the periodic
boundary conditions). In the dimensionless variable
rT the interquark distance on a 123 x4 lattice can be
0.25, 0.5, ..., 1.5. To avoid the problem with large fi-
nite size effects when r is near its maximum value
iNja (seeref. [9]) we do not analyse MC data [10]
for rT'=1.25,1.5.

The MC data of ref. [10] correspond to the three
values of lattice coupling constant gi: 6/g; =5.75,
6.10, 8.00. The deconfinement phase transition on a
123x 4 lattice occurs at 6/g¢ =5.69. To connect g7
with 7 we use the g#(a) function proposed in ref.
[12] which takes into account the observed scaling
violation. It gives (see ref. [7] for details) the fol-
lowing values of 7 in units of 7. T/T.=1.16, 2.2,
22.0.

The lowest order perturbative results for ¥, and V;
are [11]

—Vin )= 3T (2)

2
V(r, T)= & 2 RRTIRD (3)

where g is the coupling constant

g° 4n

an = 111n(M?/4?) (4)

(A is the QCD scale parameter) and mp is the Debye
screening mass. We define the mass parameter M in

(4) as [13]
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where f;(k) is the gluon distribution function
(k= |k|). The Debye screening mass in the GP can
be found in the framework of the kinetic approach
[14,15] as

M? (5)

L 32T of. (k
m5=—ﬁéjﬁdh%%l. (6)
0

Expressing 7. in units of lattice scale parameter A4
and using the relation £1=83.54; [16] we find for
the continuum scale parameter A =1.48T7. Therefore
all physical quantities in our consideration are ex-
pressed in units of 7, (the physical value of 7. in real
units, say MeV, remains unfixed).

According to the cut-off model [2,4-8] we choose
the gluon distribution function in the form

0(k—K)

fg(k)=W,

(7)
which assumes that there are no gluons with mo-
menta smaller than K, while the gluons with mo-
menta larger than X behave as in perturbative GP
(see also ref. [17]). Thus formulae (2)-(6) are ex-
pected to be valid in spite of a (non-perturbative)
modification of the gluon distribution. Conse-
quently, the general perturbative relations [11]

Vi(n T)

TRGD T ®
Vien Ty _

") = ®)

should be valid in the cut-off model too (the pertur-
bative corrections are O(g*) to (8) and O(g?) to
(9)).

Substituting (7) into (6) we find (4=K/T)

dxx’e" A? )
(e~1)*  e'—1

o

3

A

(10)

For K/T—-0 we have mp(T)=gT, which coincides
with the standard perturbative result [11].

In fig. 1 we show the temperature dependence of
mp/T for K=0 (the standard perturbative result),
and K=T,, 27T, 67T, (as explained above we fix
A=1.48T.). One observes in fig. 1 that m becomes
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Fig. 1. The Debye screening mass as a function of temperature T
for K=0 (dashed line), K=T, (dotted line), K=2T, (solid line)
and K=67, (dash-dotted line).
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Fig. 2. The function — V,(r, T)/T versus lattice distance r7T at
T=2.2T, (squares), T=22.0T, (triangles) and T=1.16T, (cir~
cles). The points are MC data [ 10], the solid lines correspond to
the cut-off model at K=2T,, while the dashed ones represent the
standard perturbative calculations with K=0.

smaller at T near T, because of the low-momentum
cut-off, and according to egs. (2), (3) the range of
all potentials grows, This is just what is needed to de-
scribe the singlet potential. In fig. 2 the MC data for
—V,/ T are compared with eq. (2): the standard per-
turbative results (K=0) and the cut-off model at
K=2T,_. One can see the strong deviation (at small T
and large r) of MC data from the K=0 fit and a much
better description of the »-dependence with K=2T..
The absolute normalization of V| given in terms of
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g2(T; K) (4) without any additional free parameter
is also in good agreement with MC data.

Calculating ¥, and V5 in the cut-off model (2)-
(7) and then V from eq. (1) we find a disagreement
of the MC data with the colour-averaged potential
both for K=0 and K=2T,. MC data for V suggest a
very large value of the cut-off parameter: K=6T (see
fig. 3). It just means that relations (8), (9) are vio-
lated. Indeed, MC data [10] show the strong viola-
tion of (9) even at very high temperature, 7=22.0T..
The reason for this can be seen from the expansion of
the exponential functions in eq. (1). The relation (9)
follows from egs. (2), (3) due to the cancellation of
the linear — V,/T and 8V3/T terms in — V/T. These
terms are of order g2 and their absolute values are
much larger than the order g* contribution, which
determines — V/T. Therefore, even a small violation
of the relation (8) can lead to a large discrepancy in
relation (9).

We face a somewhat unexpected situation: the sin-
glet potential can be rather well described in the cut-
off model with K=2T,, but this gives no agreement
of the model with MC data for the colour-averaged
potential (relation (8) and especially (9) are strongly
violated ). A possible explanation of these facts is that
there are substantially different non-perturbative
contributions to the singlet and octet potentials. In-
deed, we find that MC data for V cannot be fitted
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Fig. 3. The function —V(r, T)/T versus lattice distance r7T at
T=1.16T, (circles), T=2.2T. (squares) and T=22.0T, (trian-
gles). The points are MC data [10], the solid and dash-dotted
lines correspond to eq. (1) with the cut-off model for singlet po-
tential (2) and octet potential (3) at K=2T, and K=6T,, while
the dashed ones represent the standard perturbative calculations
with K=0 for V', and V5.
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with K=2T,, but K=0 leads to a good description
(see fig. 4). It is seen from figs. 2 and 4 that even the
best fit curves do not quite correctly describe the
“curvature” of the potentials. One can try to improve
this behaviour introducing an additional r-depen-
dence of the coupling constant, but we do not discuss
this possibility.

With the “mixed” description (K=27, for V, in
eq. (2) and K=0 for V3 ineq. (3)) we obtain using
eq. (1) a rather good agreement with the colour-av-
eraged potential V (see fig. 5). More than that, MC
data for — V,/ Vg and — V'}/TV ratios are fitted now
with a reasonable accuracy (see figs. 6, 7)! We stress
that the assumption of different values of K for V,
and V5 is the only possibility to fit MC data for — V', /
Veand — V2/TV. These ratios are also important be-
cause we expect a (partial) cancellation of the finite
size effects in MC data for them.

We summarise our analysis as follows. The stan-
dard perturbative calculations (K=0) cannot repro-
duce the singlet potential V, (fig. 2), the colour-av-
eraged potential V (fig. 3) and the —V,/V;, —Vi/
TVratios (figs. 6, 7). The cut-off model with K= 2T,
fits MC data for the singlet potential V; (fig. 2) but
fails to describe the other ones. With K=67, (mean-
ing very strong non-perturbative effects) one can de-
scribe MC data for the colour-averaged potential (see
fig. 3), but this value of X leads to a disagreement
with MC data both for V; and V; (see figs. 2 and 4).
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Fig. 4. The function Vy(r, T)/T versus lattice distance 7T at (a)
T=2.2T, (open squares) and 7=22.07. (open triangles), (b)
T=1.16T, (open circles). The points are MC data [10], the solid
lines correspond to the cut-off model at K=27, while the dashed
ones represent the standard perturbative calculations with K=0.
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Fig. 5. The same as in fig. 3, but the solid lines correspond to eq.
(1) with the cut-off model for singlet potential (2) at K=2T,
and octet potential (3) at K=0. The dashed ones represent the
standard perturbative calculations with K=0 for V; and V;.
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Fig. 6. The ratio — V,(r, T)/V3(r, T) versus r7T. The points are
MCdata [10] for T=22.07,, T=2.20T,and T=1.16T.. The solid
lines correspond to the cut-off model for singlet potential (2) at
K=2T, and octet potential (3) at K=0. The dashed ones repre-
sent the standard perturbative result.

Besides, with any value of K one would expect the
standard perturbative relations (8), (9) to be valid.
MC data, however, strongly violate them (figs. 6, 7).
Therefore, only the “mixed” description with K=27,
for V, and K=0 for V; leads to a good fit of all
potentials.

In previous studies attention was mainly paid to
the colour-averaged potential and it was concluded
that MC data show very strong non-perturbative ef-
fects. Non-perturbative effects are probably large even
at high temperatures if the length scale r> 1/7T'is im-
portant. However, our analysis deals with r7< 1, and
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Fig. 7. The ratio — V3(r, T)/TV(r, T) versus rT. The points are
MC data [10] for (a) T=22.0T,, T=2.20T, and (b) T'= 1,167,
The solid lines correspond to eq. (1) for V(r, T) in the cut-off
model for singlet potential (2) at K=2T, and octet potential (3)
at K=0. The dashed ones represent the standard perturbative
result.

we expect rather moderate non-perturbative correc-
tions. Indeed, we have shown that the failure of the
previous attempts to describe perturbatively the col-
our-averaged potential and — V,/ Vg, — V1/ TV ratios
happened not because the non-perturbative correc-
tions to V, and V; are very large (in fact, we have not
found the presence of the non-perturbative correc-
tions to the octet potential) but because they are dif-
ferent in the singlet and octet colour channels.
Finally, let us speculate on the physical interpreta-
tion of these results. The “quasi-confining” interac-
tion in the GP transforms low-momentum gluons into
massive colourless states [18]. The behaviour of the
singlet potential seems to support this picture. On the
other hand the octet potential is well described by the
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standard perturbative formula, where the low-mo-
mentum gluons contribute. However, the octet state
carries an open colour and consequently, the “quasi-
confining” interaction tries to neutralize it with the
low-momentum gluons. Therefore, such gluons are
not forbidden in the vicinity of the QQ octet state.

We are indebted to H.-Th. Elze, D.H. Rischke, G.K.
Savvidy, J. Schaffner, A. Schifer and H. Stdcker for
fruitful discussions. One of the authors (M.I.G.) ex-
presses his gratitude for the warm hospitality at the
Institute for Theoretical Physics of Frankfurt
University.
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