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Evidence of the early stage equilibration

Success of hydrodynamic models in describing elliptic flow
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Equilibration is fast
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time of equilibration
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U. Heinz,  AIP Conf. Proc.739, 163 (2004)
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Eccentricity decays due to the free streaming!
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Collisions are too slow
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Time scale of hard parton-parton scattering hard scattering ~ momentum 

transfer of order of T

either single hard scattering 

or multiple soft scatterings

ctt fm/6.2hardeq ≥≈

R. Baier, A.H. Mueller, D. Schiff & D.T. Son, Phys. Lett. B539, 46 (2002)
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Instabilities
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Terminology

Plasma instabilities – interplay of particles and classical fields

Quantum Field Theory – no particles, no classical fields

particles – hard excitations, hard modes

classical fields – highly populated soft excitations, soft modes

Tp ~hard

gTp ~soft
2/1~ g
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Plasma instabilities

instabilities in configuration space – hydrodynamic instabilities

instabilities in momentum space – kinetic instabilities

instabilities due to non-equilibrium 

momentum distribution
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Kinetic instabilities

longitudinal modes – )(e~,|| krEk −ω−δρ ti

transverse modes – )(e~, krjEk −ω−δ⊥ ti

E – electric field,  k – wave vector, ρ – charge density, j - current
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Logitudinal modes
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Energy is transferred from particles to fields
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Logitudinal modes
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Electric field decays - damping Electric field grows - instability
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Transverse modes

Unstable modes occur due to anisotropy of the momentum distribution

Momentum distribution distribution can monotonously decrease in every direction
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Transverse modes are relevant for relativistic nuclear collisions!
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Momentum Space Anisotropy in Nuclear Collisions
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Parton momentum distribution is initially strongly anisotropic

CM after 1-st collisions local rest frame
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Seeds of instability
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Mechanism of filamentation

⊕
v

v

F

F

⊕
v

v

F

F

z

x

x

zj

yB

⊗
y

BvF ×= q

jB =×∇

Lorentz force

Ampere’s law



15

Dispersion equation

0)()]([
2 =Π−− ν
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Equation of motion of chromodynamic field Aµ in momentum space

Dispersion equation

0)]([det 2 =Π−− µννµµν kkkgk
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Instabilities – solutions with Imω > 0
txA ωµ⇒ Ime~)(
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gluon self-energy

Dynamical information is hidden in .   How to get it?
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Transport theory – distribution functions

Distribution functions of quarks and antiquarks ),( xpQ ),( xpQ

cc NN ×

Distribution function of gluons is matrix),( xpG )1()1( 22 −×− cc NN

are gauge dependent matrices
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The gauge transformation:
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Transport theory – transport equations
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Transport theory - linearization
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Transport theory – polarization tensor

)()()( kAkkj ν
µνµ Π=

)()()'('),( 0
4

pQxFpxxxdgxpQ
v
pvp ∂−∆=δ µ

µ∫

)()( )4(
xxDp p δ=∆µ

µ],,[ GQQj δδδµ

λ
σ

σ

λν
νλ

µ
µν

π p

f

ikp

kp
g

E

ppdg
k

∂

∂

+
−=Π

+∫
)(

0)2(2
)( ][

3

32 p

)(2)()()( pppp gnnnf ++≡

0)(),()( =ΠΠ=Π µν
µ

νµµν
kkkk



20

Diagrammatic Hard Loop approach
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St. M. & M. Thoma, Phys. Rev. C 62, 036011 (2000)
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Transport equation of quark distribution function ( )xpQ ,

Taking into account antiquarks

and gluons is straightforward
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Chromo-hydrodynamic approach

St. M. & C. Manuel, hep-ph/0606276

Covariant continuity
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µ∫ pdP
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( ) 0=µ
µ xnD
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Chromo-hydrodynamic equations
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( ) ( ) ( ) ( )xuuxuxppxp
µµµ δ+=δ+= ~,~

Small perturbation of the space-time homogeneous & colorless state

µε upn ~,~,~,~ unit matrices in color space
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Linear response approximation
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µµ ∂→D nA δµ ~full linearization

Fourier transformations
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Transport equation 

of quark distribution 

function of stream α

There are several streams in the plasma
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Effect of pressure gradients
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Dispersion equation

Dispersion equation
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Dispersion equation – configuration of interest

Direction of the momentum surplus
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Existence of unstable modes – Penrose criterion
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Unstable solutions

0),(22 =ωεω− kk
zz

2
||

2
||

2

322
||

4

2/3

2/1

e
)(

12
)(

σ
−

⊥⊥

⊥

σ+σ

ρσ

π
=

p

p
f p

GeV3.0=σ⊥

3.04/2 =π=α gs

3fm6 −=ρ

kik γ±=ω )(

solution

ℜ∈γ< k0

J. Randrup & St. M., Phys. Rev. C 68, 034909 (2003)



35

Hard-Loop dynamics
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Soft fields in the passive background of hard particles
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Growth of instabilities – 1+1 numerical simulations

SU(2) Hard Loop Dynamics

A. Rebhan, P. Romatschke & M. Strickland, Phys. Rev. Lett. 94, 102303 (2005)

γ* - maximal growth rate
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Growth of instabilities – 1+1 numerical simulations

A. Dumitru & Y. Nara, Phys. Lett. B621, 89 (2005).
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Growth of instabilities – 1+3 numerical simulations

SU(2) Hard Loop Dynamics

nonAbelian 1+3

nonAbelian 1+1Abelian 1+3

A. Rebhan, P. Romatschke & M.Strickland, 

JHEP 0509, 041 (2005)
P. Arnold, G.D. Moore & L.G. Yaffe, 

Phys. Rev. D72, 054003 (2005)

Strongly anisotropic particle’s momentum distribution
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Abelanization
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Abelanization – 1+1 numerical simulations

SU(2) Hard Loop Dynamics
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Abelanization – 1+1 numerical simulations
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A. Dumitru & Y. Nara, Phys. Lett. B621, 89 (2005).
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Abelanization – 1+3 numerical simulations
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P. Arnold & G.D. Moore, Phys. Rev. D73, 025006 (2006);

P. Arnold & G.D. Moore, Phys. Rev. D73, 025013 (2006);

A. Dumitru,Y. Nara & M. Strickland, hep-ph/0604149.

NonAbelian Turbulence

population

of modes

nonAbelian

turbulence

initial stage linear regime nonlinear regime

population

of modes
population

of modes

1+3 simulations of Hard Loops Dynamics 
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Hard Expanding Loops
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Beyond Hard Loop level
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Beyond Hard Loop level cont.
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Beyond Hard Loop level cont.
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Unstable configuration of interest
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Effective potential beyond Hard Loop 
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Isotropization - particles

Direction of the momentum surplus
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Isotropization - fields

Direction of the momentum surplus
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Isotropization – numerical simulation

Classical system of colored particles & fields
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A. Dumitru & Y. Nara, Phys. Lett. B621, 89 (2005).
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Instabilities in CGC & Glasma

P. Romatschke & R. Venugopalan, Phys. Rev. Lett. 96, 062302 (2006);

T. Lappi & L. McLerran, Nucl. Phys. A772, 200 (2006)

Expansion into vacuum of self-interacting classical nonAbelian fields

Instabilities well seen!

hard modes – particles

soft modes – classical fields

Transverse magnetic modes
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Conclusion

The scenario of instabilities driven equilibration 

is dynamically very rich and it provides 

a plausible solution of the fast equilibration 

problem


