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Relativistic heavy-ion collision – Little Bang
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Relativistic heavy-ion collisions

GeV/NN100100@collisionsAuAu +=− s

experiment @ RHIC
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Evidence of the early stage equilibration

Success of hydrodynamic models in describing elliptic flow
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Equilibration is fast
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Eccentricity decays due to the free streaming!

2v  ⇒ε ct fm/1eq ≤
time of equilibration

U. Heinz,  AIP Conf. Proc.739, 163 (2004)
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Collisions are too slow

Time scale of hard parton-parton scattering
hard scattering ~ momentum 

transfer of order of T
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either single hard scattering 
or multiple soft scatteringsdominated by

g – QCD coupling constant

ctt fm/6.2hardeq ≥≈

R. Baier, A.H. Mueller, D. Schiff & D.T. Son, Phys. Lett. B539, 46 (2002)
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Instabilities

stationary state Instability
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Terminology

Plasma instabilities – interplay of particles and classical fields

Quantum Field Theory – no particles, no classical fields

Tp ~hard

particles – hard excitations, hard modes

classical fields – highly populated soft excitations, soft modes

gTp ~soft
2/1~ g
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Plasma instabilities

instabilities in configuration space – hydrodynamic instabilities

instabilities in momentum space – kinetic instabilities

instabilities due to non-equilibrium 
momentum distribution
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Kinetic instabilities

)(e~,|| krEk −ω−δρ tilongitudinal modes –

)(e~, krjEk −ω−δ⊥ titransverse modes –

E – electric field,  k – wave vector, ρ – charge density, j - current
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Logitudinal modes

unstable configuration
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Logitudinal modes

Electric field decays - damping Electric field grows - instability
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- phase velocity of the electric field wave, 
E
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Transverse modes

Unstable modes occur due to anisotropy of the momentum distribution
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Momentum distribution distribution can monotonously decrease in every direction

Transverse modes are relevant for relativistic nuclear collisions!
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Momentum Space Anisotropy in Nuclear Collisions

Parton momentum distribution is initially strongly anisotropic

Tp Tp

time
LpLp

CM after 1-st collisions local rest frame
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Seeds of instability

0)( =µ xja but current fluctuations are finite
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Mechanism of filamentation
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Dispersion equation

Equation of motion of chromodynamic field Aµ in momentum space

0)()]([ 2 =Π−− ν
µννµµν kAkkkgk

gluon self-energy
Dispersion equation

0)]([det 2 =Π−− µννµµν kkkgk

),( kω≡µk

Instabilities – solutions with Imω > 0 txA ωµ⇒ Ime~)(

)(kµνΠDynamical information is hidden in .   How to get it?
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Transport theory – distribution functions

Distribution functions of quarks and antiquarks ),( xpQ ),( xpQ

cc NN ×are gauge dependent matrices

The gauge transformation:

)(),()(),( 1 xUxpQxUxpQ −→

Distribution function of gluons is matrix),( xpG )1()1( 22 −×− cc NN
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Transport theory – transport equations
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Transport theory - linearization
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Linearized transport equations
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Transport theory – polarization tensor
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Diagrammatic Hard Loop approach
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St. M. & M. Thoma, Phys. Rev. C 62, 036011 (2000)
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Chromo-hydrodynamic approach 
for short time scales

( )xp,Collisionless transport equation of quark distribution function Q
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C. Manuel & St. M., Phys. Rev. D74, 105003 (2006) 
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Chromo-hydrodynamic approach cont.
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Chromo-hydrodynamic equations
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Linear response approximation

Small perturbation of the space-time homogeneous & colorless state

( ) ( ) ( ) ( )xuuxuxppxp µµµ δ+=δ+= ~,~
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Solutions of the linearized equations

nA δµ ~µµ ∂→D full linearization

0≈δ∂ν pFourier transformations
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Color current & polarization tensor
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Polarization tensor
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Dispersion equation

Dispersion equation
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Dispersion equation – configuration of interest

Direction of the momentum surplus
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Existence of unstable modes – Penrose criterion
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Unstable solutions
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Hard-Loop dynamics

Soft fields in the passive background of hard particles

Braaten-Pisarski action generalized to anisotropic momentum distribution:

]

)([

)()()(~
3

)(
)(

)()(
)2(2 23

32

eff

x
Dp

pxfCi

xF
Dp
ppxFfpdgL

F

b
ab

a

ψ
⋅
γ⋅

ψ+

⋅π
= ∫ µ

ρ

ρν

µν

p

p

)()(),,(,0)( qpkqpkkk Σ+Σ=Λ=Π µ
µ

µν
µ

St. M., A. Rebhan & M. Strickland, Phys. Rev. D 74, 025004 (2004)



35

Growth of instabilities – 1+1 numerical simulations

γ* - maximal growth rate
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10=ζ

),( ztAA aa
µµ =

1+1 dimensions

transverse magnetictotal

Scaled
field energy

density

∫
∞

π
α

−=
0

iso22 )(
dp
pdfdppm s

D

),( ζDm Strong anisotropy

SU(2) Hard Loop Dynamics

Anisotropic particle’s 
momentum distribution

A. Rebhan, P. Romatschke & M. Strickland, Phys. Rev. Lett. 94, 102303 (2005)
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Growth of instabilities – 1+1 numerical simulations

electric

magnetic

Classical system of colored 
particles & fields

initial fields: Gaussian noise as in 
Color Glass Condensate
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A. Dumitru & Y. Nara, Phys. Lett. B621, 89 (2005).
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Growth of instabilities – 1+3 numerical simulations

nonAbelian 1+3

nonAbelian 1+1Abelian 1+3
Strongly anisotropic particle’s momentum distribution

SU(2) Hard Loop Dynamics

A. Rebhan, P. Romatschke & M.Strickland, 
JHEP 0509, 041 (2005)

P. Arnold, G.D. Moore & L.G. Yaffe, 
Phys. Rev. D72, 054003 (2005)
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Abelanization

))((
4
1][ 22

eff
ecdb

adeabc
aaa ffgV AAAAAAA ⋅⋅+⋅µ−=

))((
4
1

2
1

4
1

2

YM

ecdb
adeabc

aa
a

a

ffg

FF

AAAA

BB

⋅⋅−=

−=−= µν
µνL

cb
abc

aa fg AAAB ×+×∇=
2

)(),,,(,00 xAzyxtAA a
i

a
i

a ==

SU(2)

P. Arnold & J. Lenaghan, Phys. Rev. D 70, 114007 (2004)

the gauge



39

Abelanization – 1+1 numerical simulations

0 2 4 6 8 10 γ* t

∫≡
L

L
dzj

0

2
rms ]Tr[2 j

∫≡
L

yx jji
L
dzC

0
2

2

]Tr[

]),[(Tr )(
j

SU(2) Hard Loop Dynamics

A. Rebhan, P. Romatschke & M. Strickland, Phys. Rev. Lett. 94, 102303 (2005)



40

Abelanization – 1+1 numerical simulations

Classical system of colored particles & fields
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Abelanization – 1+3 numerical simulations

SU(2) Hard Loop Dynamics
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Hard Expanding Loops
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Beyond Hard Loop level
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Role of collisions

Γ – instability growth rate
ν – collision frequency
mD – Debye mass
ξ – anisotropy parameter

unstable
modes

stable
modes

RTE (BGK) model

Collisions slow down the instabilities no collisions

B. Schenke, M. Strickland, C. Greiner & M.H. Thoma, Phys. Rev. D73, 125004 (2006)
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Isotropization - particles

Direction of the momentum surplus
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Isotropization - fields

Direction of the momentum surplus
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Isotropization – numerical simulation

Classical system of colored particles & fields
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A. Dumitru & Y. Nara, Phys. Lett. B621, 89 (2005).
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Conclusion

The scenario of instabilities driven equilibration 
provides a plausible solution of the fast 

equilibration problem


