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Relativistic heavy-ion collisions

Au-— Au collisions @ /s =100+100 GeV/NN

iETAH experiment (@ RHIC



Success of hydrodynamic models in describing elliptic flow

\ Hydrodynamics
M / (ﬁ + VV)V __Vp

ot o,

>
U
Hydrodynamics requires ~
local thermodynamical | | | |
equilibrium! o 12




Eccentricity decays due to the free streaming!

EN. = Vo\(| == foq < 1 fm/c

time of equilibration

U. Heinz, AIP Conf. Proc.739, 163 (2004)



~ Collisions are too slow

Time scale of hard parton-parton scattering

hard scattering ~ momentum

] transfer of order of 7
th ~
ard 4
g ln(l / g) T

either single hard scattering

dominated by or multiple soft scatterings
~ g — QCD coupling constant
>

leq ® lhag 2 2.6 Tm/c

R. Baier, A.H. Mueller, D. Schiff & D.T. Son, Phys. Lett. B539, 46 (2002) 6



stationary state

A(t) = Ay + SA(t)

fluctuation

stable configuration

Instability

5A(t) oc "

Y > 0

unstable configuration




@a instabilities — interplay of particles and classical@
@tum Field Theory — no particles, no classical f@

phard ~ T

AN
a I

@ particles — hard excitations, hard modes

@ classical fields — highly populated soft excitations, soft modes

— AN _
Y ~

~1/g* Psore ~ 8T 8




P> instabilities in configuration space — hydrodynamic instabilities

> instabilities in momentum space — Kinetic instabilities
instabilities due to non-equilibrium
momentum distribution , E
f(p) 1S not ~ CXP| ——




~ Kinetic instabilities

P longitudinal modes — kK || E , Sp ~ e—i(cot—kr)

p transversemodes — k | E , 8] ~ e—i((ﬂl‘—kl’)

E —electric field, k — wave vector, p — charge density, j - current
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unstable configuration

plasma

tf(p.p,.p.)

Energy is transferred from particles to fields
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Electric field decays - damping Electric field grows - instability

A A

f(py, Py, D:) f(Pep,sp.)
AN /

\ /

0 Q) P 0 Q) Dx
° kx * kx
partlcl(.e partlcl? particle particle
acceleration deceleration acceleration deceleration

Py
E

Q)
k_ - phase velocity of the electric field wave,

X

- particle’s velocity 12



I . = 7 T r a n S Ve r S e m O d e S 7 - : I

Unstable modes occur due to anisotropy of the momentum distribution

J()=/(p)

P s f(p)

o>

P, .
0

o>
=]

Momentum distribution distribution can monotonously decrease in every direction

Transverse modes are relevant for relativistic nuclear collisions!
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omentum Space Anisotropy in Nuclear Collision I

Parton momentum distribution is initially strongly anisotropic

A

Pr

Pr

CM after 1-st collisions

am)

A

Pr

Pr

local rest frame
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< J 5 (x)> = (0 but current fluctuations are finite

ey Leawf d’p p'p
(0G0 gy () =8 [ oy gz @Y= #0

X =(t,X), X =(,X,), x=(f{—1,X —X;)

Direction of the momentum surplus

ﬁ 15



Lorentz force

F=gvxB

Ampere’s law J

VxB =]
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Equation of motion of chromodynamic field 4* in momentum space

[k2g™ — KMk ~T1" (k)]4, (k) = 0
ﬁself—energy ’
Dispersion equation

det[k*g"" —k"kY —TI™ (k)] =0

k* = (0,k)

I
Instabilities — solutions with Im > 0 = A" (X) ~e M

Dynamical information is hidden in IT"" (k). How to get it?
17



Distribution functions of quarks Q(p,x) and antiquarks Q(p, x)

are gauge dependent N, xN. matrices

The gauge transformation:

O(p,x) > Ux)0(p,x)U ' (x)

Distribution function of gluons G(p,x) is (N —1)x(N-—1) matrix

18



{ “Q p { ()C), 5;Q} =C quarks
fundamental
DHQ + 7 P { (x), a;Q} =C antiquarks

adjoint @“G & p {T (x)@v G} = gluons

N

free streaming mean-field force

DY =0t —ig[A4",...], F"™ =0"4"-0"A" —ig[A", A"]

DHF MY = ] Y [Q, Q . G] mean-field generation

@nless limit: C = 6 — Cg =
19




/[ fluctuation ’

Q(pax) — QO(p)+6Q(p9x)

‘mmstate Qé’ (p)= 6ijn(p) ’

[Oo(P)| >>[80(p,x) |, |9,00(p)| >>]5,80(p,x)|

Linearized transport equations

p,D"30(p,x)—gp"F,,(x)0,0,(p)=0
p.D"80 (p,x) + gp"F,,(x)0%,0,(p) =0

p,D"8G(p,x) - gp"F,,(x)0,0G(p)=0

20



F*180,80,8G] p DA (x)=8" (B
J' (k) =TT (k) 4, (k) £(®)=n(p)+7(p) + 21, (p)

v d’ k" 10
I (k)_g f p p' [¢ - P K f(l;)
2n)’ E p°k_+i0" " Op

[ (k) =11 (k), (k1" (k) =0 21




p P ‘
k k k k
= | WO+ A & ig
k

Hard loop approximation: K H << p'”l

L8

Hw(k)_g jdp P'row PR 19 ()
(2n)® E p°k_+i0"" op”

I (k) =TT (k), &, 1" (k) =0

22
St. M. & M. Thoma, Phys. Rev. C 62, 036011 (2000)



for short time scales

Chromo-hydrodynamic approach

Collisionless transport equation of quark distribution function Q( p, x)

.D"0(p, X)—p {F,.05,0(p,x)} =0

Taking into account antiquarks

j d P and gluons is straightforward
dP = d4 ;20(p )6(]9 )
0
Covariant continuity @ (2m )
Dun“(x)=0 ”M(X)EdePMQ(p,x)

C. Manuel & St. M., Phys. Rev. D74, 105003 (2006) 23



DT (6)- & (o (v} =

T (x)= [ dP p* p"0(p,x)

24



D,n* (x)=0

D" (x)—i{F“V,nIu (x)t=0

Postulated form of n”(x) and 7" (x) : @in the local@
n*(x)= nlx)u* (x)
vV 1 vV
T ()= (e(x)+ p(o)Hut () ut(x); = plx) g*

n(x) e(x) p(x) u"(x) matrices! u“(x)uu(x):l

To close the system of equations: @0 or e=3p < @

25



Small perturbation of the space-time homogeneous & colorless state

n(x)=m+8n(x), e(x)=7%+3de(x)

plx)=p+8p(x). u¥(x)=u"+8u"(x)

7,%, P, " unitmatrices in color space

n>>0n, T>> 0, pP>>0op, ua" >> ou"

FY ~ A" ~ 8n

26




®@ D" > 9" fulllinearization A" ~ dn

@ Fourier transformations @ aVSp ~()

continuity

k¥ dn(k)+m k,du® (k) =0

Euler i(8+p)uatk,ou’(k)—gnu F*"(k)=0

Solutions

2~
7] u
dn(k)=1i ROFW(k
(k) g’é’+p’(z,7k)2 (k)
noou
ou"(k)y=ig ————F"" (k)
E+pu-k

27



7 (x)- —§(n<x)u~<x

)= T+ 577 ().

5 (x)=— ; (n 8u“(x)+u“8n(x))

>u“<x>]j

Tr[F*]=0

i 8" (x)
polarization tensor @ y)=- SAD

28




2@ (@)@ Tk =T — (k) g™

v g
[177 (k) =—
Q 2 4P (i - k)

T (k) = IT™ (k) @H v (k)@

29



Dispersion equation

det[k*g"’ —k"kY —TI" (k)] =0

k 0" (k) =0
1

— 1Y (k) chromodielectric tensor
® k" =(m,k)

Dispersion equation

det[k*867 —k'k’ —0”e? (k)] =0

e’ (k)=8" -

’ L o2 . ‘ kN
glj(k)ZSZJ_I_g d p3 1% - af(ll))[(l_ﬁ)6lj+kv ]
207 (2n)” o—kv+i0" Op ® ®

v=p/E 30



X

YV &

X Direction of the momentum surplus

M ﬁ

i=00,0,), E=(0,0,F), k=(k,0,0)

Dispersion equation

k2

077

—@® &

(w,k)=0

31



H(o)=k*-o’c”(0,k)

g ft;d@ dIn H(w)

~In H(m)\gl

ﬁ do 1 dH (o)

=2/ 2T dw
2ni H(w) do

_ number of zeros of H(w) in C

t Im AImo

H
w=0
o= O\ ol
\ ©= Re o
0 / There are unstable modes if
/ Rei H(w=0)<0
M =0 /
_/

e

~0 Anisotropy! ”




’ =6fm™
2 o A 1 ~ A P
f(p): 3/2 p L > ) 26” OCS=g2/47t=O.3
)
T | (p1+o] o, =03GeV
2 2 |
ke — SZZ((D, k) =( — pQCD profile |
> --- 6,=3.0GeV ]
solution % —— 0,72.0 GeV
: > — ,=1.0GeV |
o(k)==xiy, T —-- 6;=05GeV ]
S
— . ‘u_“ _
O<y,eR 0 s e
0.00 ST W L |
0.0 1.0 2.0 3.0 4.0

J. Randrup & St. M., Phys. Rev. C 68, 034909 (2003)

Wave number k; (GeV)



Soft fields in the passive background of hard particles

Braaten-Pisarski action generalized to anisotropic momentum distribution:

2 [ e 27, e

Leff _ g I ( D)

(2m)’

+zf<p>w<x> Ty

k JIR(K) =0, k,A(p,g,k)=2(p)+X(q)

St. M., A. Rebhan & M. Strickland, Phys. Rev. D 74, 025004 (2004) 34



SU(2) Hard Loop Dynamics

1+1 dimensions 100F———
TR o | EE.)/ m /%)
Aa — Aa (t, Z) Scaled 10 b
field energy | ———— &@E,)/(m;/e%) :
denSIty L BRI &(B,) /(mo‘i/gz) ,..f, j
- 4,2 VN -
Anisotropic particle’s 01l T = &B,)/(my/8") ;“.:x.,:fr 4
momentum distribution ; E(HL) / (mz /g?) o i
0.01f e 3
f(p) = ]Fiso (| p | +sz) 0.001-5 ' E-
5 a. © 5 df- (p) 0.0001 e
mD:_?SJ.dpp li; 1 . M S
0 P 18055 2 4 6 v,r 8 10 12 14

(mD > C)

Strong anisotropy £ =10

A. Rebhan, P. Romatschke & M. Strickland, Phys. Rev. Lett. 94, 102303 (2005) 35



Classical system of colored
particles & fields

initial fields: Gaussian noise as in
Color Glass Condensate

initial anisotropic particle distribution:

RS
fo(p,x)~8(p,)e

L=40fm p=10fm"

Y
o

gy densities
I IIIIIII| I IIIIIII|

field ener
—
[ ]

—
=
]

A. Dumitru & Y. Nara, Phys. Lett. B621, 89 (2005).

------- kinetic energy density x g%, SU(2)
—— kinetic energy density x g%, U(1)

g’e(E) SU(2)
g’e(B) SU(2)
g’e(E) U(1)
g’e(B) U(1)

H @& 0O O

b .............
Q....
& Ly
: £ .....l
[ ]

T R RS N AN MO N L
0.2 0.4 0.6 0.8
time t/L/N,
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I rowth of instabilities — 1+3 numerical simulations I

SU(2) Hard Loop Dynamics
Abelian 1+3 nonAbelian 1+1

Strongly anisotropic particle’s momentum distribution

_ E / H I I I | I I I I | I T I I | I I I I | I I T ? y I “li}ll
“on f \ o |— HLJ-3d 7
8 - - [ B'-3d
TE 10'E [ B3
= = ! _ S e
Zz C ! ) Sl E-ad
g L ; <+ 0'12 —— Total Energy - 3d E
= 0L - g E - /) ]
< 10°E 1 5 : E
% i : E 0.001; o / -
Z 100 . R '
g nonAbelian 143 1 somrel
S ] &) i
ES) ) H le-05 ¢
"a 10 g =
= -
%) 7 le-00 &
E N i fi,|’ fvf"‘/ I
-3 Lo e \\H'F\\ N S B
107750 40 60 80 100 120 <V 10 % 0 W 50
m t M,
P. Arnold, G.D. Moore & L.G. Yaffe, A. Rebhan, P. Romatschke & M.Strickland,
Phys. Rev. D72, 054003 (2005) JHEP 0509, 041 (2005) 37



~_Abelanization

a a a 1 C e
Ve[AY]=—p’A- A +Zg2 Fruae(A”-AD)(AS-A%)

abc

thegauge A4S =0, A7(1,%,,2) = A (x)

1 a \Y 1 apa

LYM :_ZFMVFCI“ :—EB B
1 o e 1
:_Zngabcfade(Ab'Ad)(A ‘A ) 0
-1
-2
-2

B“:va“+§ AP X AC

P. Arnold & J. Lenaghan, Phys. Rev. D 70, 114007 (2004)



_ T dz AT, 1,1

C 2
L Tr[j"]

0

A. Rebhan, P. Romatschke & M. Strickland, Phys. Rev. Lett. 94, 102303 (2005) 39



-3 | | | | | | | | | | | | | | | | | | | | | | | |
107 01 02 03 04 05

time t/L/N,

40
A. Dumitru & Y. Nara, Phys. Lett. B621, 89 (2005).



SU(2) Hard Loop Dynamics

15 T T T

3
; jde\/Tr((i[jx,jy])z (L 71+ (W 7))

& | EWTD

(=

—— 3+1 non-Abelian
------ |+1 non-Abelian

- kﬁeld << phard
g

g

Al

1

P. Arnold, G.D. Moore & L.G. Yaffe, Phys. Rev. D72, 054003 (2005) 41



/[ fluctuation ’

O(p,x) =0y(p,x)+00(p,x)

‘ colorless expanding background Qg (p,x)= 5ijn( pP,X) ’

|Q0(p9x)| >>|6Q(p,)€)|, |(9;Q0(p,)€)| >>|@;6Q(p,)€)|

N | PP y(px)=0
Linearized transport equations

p,D"30(p,x)—gp"F,,(x)0,0,(p,x) =0

Expansion delays the onset of instability growth | 4% ~ e ANt
l

A. Rebhan & P. Romatschke, Phys. Rev. Lett. 97, 252301 (2006) 42



A<0 A=0

C. Manuel & St. M., Phys. Rev. D72, 034005 (2005) 43



~ Role of collisions

Collisions slow down the instabilities 1o collisions
=10
0.2 I T T T T T T I/ T T ~
RTE (BGK) mOdel .'-*"'FF_F___‘-_‘_'_"'-H,,, >unstable
01 e T modes
- D - ‘_H_‘-"“"-H__::H e __‘:‘EEHH_HHRHR-..‘“ \
£ 01t T e
— It
02+ v=0mg T~ - >stable
03 v=8.; mD ——— N T modes
=), Frv=U.«Mp - ---- "
I' — instability growth rate v=0.3 mg "~
" 0.4 rv=04mp ——-- ")
v — collision frequency b
my, — Debye mass 0 02040608 1 121416 18 2
k/ mD

& — anisotropy parameter

B. Schenke, M. Strickland, C. Greiner & M.H. Thoma, Phys. Rev. D73, 125004 (2006)
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D —
. —

—

Direction of the momentum surplus

ﬁ

A»

® ©
B

F Apzjth
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Direction of the momentum surplus

-
E
<

k Pieigs ~ B XE” ~K

® ©
B
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Classical system of colored particles & fields

3
T':j d’p DiD,; 1(p) 107
ij (2n)3 E Y
n =
g 10 § (]—;)y—i_Tzz)/z —
Isotropy: % 1 I < I,
8 -
T.=(T, +T.)/2 o
™ il = ‘ac':' 10" s BT SU(2)
i~ /A g(T,,+T,2)/2, SU(2)
-/ — 9T, U(1)
10-2 - ‘*; ------ g (Tyy+TZZ)f2’ U(1)
S A A IR IR T R
0 0.2 0.4 0.6 0.8

time t/L/N,

A. Dumitru & Y. Nara, Phys. Lett. B621, 89 (2005). 47



~_ Conclusion

The scenario of instabilities driven equilibration
provides a plausible solution of the fast
equilibration problem
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