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Success of hydrodynamic models in describing elliptic flow

- Hydrodynamics
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Eccentricity decays due to the free streaming!

EN. = V,\( | ™ | f, = 0.6 tm/c

time of equilibration

U. Heinz, AIP Conf. Proc.739, 163 (2004)



Time scale of hard parton-parton scattering hard scattering ~ momentum

transfer of order of T

@ 41n 1/ g >
either single hard scattering

or multiple soft scatterings

t, = g = 2.6 tTm/c

cq

R. Baier, A.H. Mueller, D. Schiff & D.T. Son, Phys. Lett. B539, 46 (2002)
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stationary state Instability

A1) = Ay + SA(1) SA(t) < eV

fluctuation Y > 0

stable configuration unstable configuration
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@a instabilities — interplay of particles and classical fields

@tum Field Theory — no particles, no classical f@

phard - T

AN
a I

@ particles — hard excitations, hard modes

@ classical fields — highly populated soft excitations, soft modes
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P> instabilities in configuration space — hydrodynamic instabilities

> instabilities in momentum space — kinetic instabilities

instabilities due to non-equilibrium
momentum distribution . )
f(p) 1S not ~ CXP| — ?
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p longitudinalmodes - Kk || E Sp - e—i((ﬂf—kl’)

» transversemodes - Kk | E 8J - e—i((ﬂf—kr)

E —electric field, k- wave vector, p — charge density, j - current
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unstable configuration

A

plasma J(Pys Py D)

Energy is transferred from particles to fields




| Logiodinal modes I

Electric field decays - damping Electric field grows - instability

A A
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0 0 DPx 0) )] Px
° kx ° kx
partlclfz partlclt.z particle particle
acceleration deceleration acceleration deceleration
Py

— - phase velocity of the electric field wave,

X

= particle’s velocity 10



Unstable modes occur due to anisotropy of the momentum distribution

JFP)=r5=p
Px

o>

D, .
0

o>
=

Momentum distribution distribution can monotonously decrease in every direction

Transverse modes are relevant for relativistic nuclear collisions!
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Imw/lomentum Space Anisotropy in Nuclear Collisionm I

Parton momentum distribution is initially strongly anisotropic

A A

Pt Pr

Pr ' PL

CM after 1-st collisions local rest frame
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< j ;‘ (x)> =( but current fluctuations are finite

7 v _l ab d3p Pﬂpv Oy
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xlz(tl,xl), xzz(tz,XZ), x:(tl_t29X1_X2)
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Direction of the momentum surplus
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Lorentz force

F=gvxB

T—
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Ampere’s law _] z

VXB=j
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Equation of motion of chromodynamic field A* in momentum space

(kg™ —k"kY —TI" (k)]A, (k) =0
ﬁself—energy ’
Dispersion equation

det[k*g" —k"kY —TI" (k)]=0

' =(0,k)

Instabilities — solutions with Imo > 0 = A" (x) ~ elmmt

Dynamical information is hidden in IT"' (k). How to get it?
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Distribution functions of quarks Q(p,x) and antiquarks Q(p, x)

are gauge dependent N_ XN, matrices

The gauge transformation:

Q(p,x) > U((x)Q(p,x)U ' (x)

Distribution function of gluons G(p,x) is (N>—1)x(N’—1) matrix
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PuD'Q = J pME (0,050} =C | quas
fundamental
puDuQ+2pu{ uv(x)’ a‘;;Q} =C antiquarks
adjoint @ "G — g {TMV , (x)a;G} = C gluons

free streaming mean-field force

D" =0" —ig[A",....], F" =0"A" —0"A" —ig[A", AY]

DMF Y = J v [0, Q ,G| | mean-field generation

@nless limit: C = 5 Cg =
17




/[ fluctuation ’

Q(pax) — QO(p)+8Q(p9x)

‘msmw Q(’)J(p) — Sljn(p) ’

10y (p)| >>160(p,x)I, 13"0,(p)l >>10"80(p,x)]

Linearized transport equations

p,D*80(p,x)—gp”F, (x)9°0,(p)=0
p,D*80 (p,x)+ gp*F,, (x)9"0,(p) =0
p,D*6G(p,x) - gp“F, (x)0"G,(p)=0
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oQ(p,x)=g f d*x'A ,(x—x") p"F,,(x)0°,0,(p)

J'180,80,3G] ﬁ?(ﬁc) 5 (a

|

JH ) =TI (k) A, (k)

J (@) =n(p)+n(p)+2n,(p)

0 g rdp v p'k* Jf (p)
y7i k) = o A
(= j(2 )’ E[ p°k, +i0" " op*

" (k) =11"" (k), kMH”v (k)=0 19




p
4 p p )
k k k k
T (k) = + 1+
\ p+k p+k k k |

Hard loop approximation: K M << pu

H,UV( )_g jd P _ﬂ[ VA pvkl1 af(p)

(27)’ E § p°k_+i0"" op”

1" (k) =11 (k), kMHLw (k)=0

St. M. & M. Thoma, Phys. Rev. C 62, 036011 (2000)
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Chromo-hydrodynamic approach

for short time scales

Collisionless transport equation of quark distribution function Q( )22 x)

D"0(p,x)-2 p*{F,.,0,0(p.x)} =0

Taking into account antiquarks

and gluons is straightforward
| ap
4
ap = 1P 20(p,)3(p?)
(27)
Covariant continuity @
D,n* (x)=0 n*(x)= [ dP p*Q(p.x)

St. M. & C. Manuel, hep-ph/0606276 21



puD"Q(p.x)= 7 p*{F,.03,0(p.x)} =0

[ aP p* d
=

DT ()= J {Fyyon* (x)} =0 @

I (3)= [P o *0(p. )
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D, T (x)—‘g{F“V 1, (x)}=0

Postulated form of 7" (x) and 7" (x) : @n the local@'
n* (xx) = n(x)u* (x)
1
T (x) = (ele)+ pe)fut (o) ut ()} = plx) g™

n(x) e(x), p(x), u* (x) matrices! u“(x)uu(x)zl

To close the system of equations: @0 or £€=3p & ]D
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Small perturbation of the space-time homogeneous & colorless state

n(x)=m+8n(x), e(x)=¢t+de(x),

p(x)=p+op(x). u"(x)=a"+du"(x)

n,e, p,i M unit matrices in color space

i>>0n, €>>0c, p>>0op, a" >> ou"

FY ~ AY < 8n
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e DM —> 9ot

@® Fourier transformations

Solutions of the linearized equations

full linearization A" ~ On

Covea

continuity

kya" dn(k)+mk,ou(k)=0

Euler

i(E+ p)atk,ou’ (k)—gnm F" (k)=0

Solutions

nt dy ko
on(k)=ig > F7 (k)
E+ P (i1 -k)
% n u, ny
ou' (k)y=ig ————F"" (k)
E+pu-k
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()= —‘;(n(x)u“(x)—]\}Tr[n(x)u“(x)]j

c

()= 7"+ 3 (2),

Si*(x)=— ‘;(ﬁ SuM(x)+ LT“Sn(x))

Tr[F*Y]=0

I (2, y) = - ()

polarization tensor

84, (v)
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2 ~72 ~ U7V ~Vi U 2~,u~v_ 2 uv
H”V(k)z—g ~n ~(u KYu“k” +u"k”)—k“u (u-k) g
2 E+p (it - k)

™ (k) = IT™ (k) @W (k):)
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_Eee————

There are several streams in the plasma

Transport equation

of quark distribuion 5, DO (p, x)- gp“{Fw,,a‘;Qa (p,x)} =0

function of stream o 2

All previous steps for@

ng (x)=ng (x)u (x)

D.T™ (x)=C{FY n"(x)} =0
H-o (X) 2{ H Mo (X)} Streams interact
via mean field
D, (x)=Y ji(x)
o

28

D, n, (x)=0




n. o (i, k)@Ak k) —kCuta) -, k) gt

2

v 8
™ (k)=—4-% "
®) 2 ;§a+ﬁa (L, k)’

I () =11 (k). CkIT (k) = 0

Connection with the kinetic theory

f(p)=2 1, 1,8 (p—my,) g =
(04
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The set of fluid equations is closed by the relation p (x)= %e‘a (x)

o no [, @Ak +u k) -k u’a) — @i, k) g*”
R Z [ (i, k)’

IR O A o e (P S i T ]
k> +2(ii, - k)

[ () =11 (k). CkIT (k) = 0
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Dispersion equation

det[k*g"’ —k"kY —TI™ (k)]=0

k JIM (k) =0
I

— [17 (k) chromodielectric tensor

w k" = (0,k)

Dispersion equation

det[k?*8Y —k'k’ —w*e" (k)]=0

e’ (k)=8" -

) ) 2 3 i . L]
£l (k)= 50 + 5[4 L af(ll’)[(l—ﬁ)és’f LA
207 (21)° o—kv+i0" Jp ® ®

V=Ep/E 31



X Direction of the momentum surplus

J=000,)), E=(0,0,E), k=(k,0,0)

Dispersion equation k 2 _ (ngzz (Q), k) =(
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I Existence of unstable modes — Penrose criterion

H(0) = k> - 0% (0, k)

" do dlnH(w) o
=lnH(w)| .
{)doo | dH(®) _ j e (@) gy
2 H(®) do
¢ _ humber of zeros of H(w) in C
4 ImH ; o
o =
== LN e
\ \ 0= loo Re>w
| 0 > There are unstable modes if
/ Re H
Z / Hw=0)<0
W =o0 / S
— ®»=0 Anisotropy! .




Unstable solutions

-3
12 4 P p=6im
_27po; 1 200 | o =g?/4n=03
S (p)= 3/2 2 233 © s =8 '
m " S (pL*ol) G, =03GeV
2 2 |
kK=o e (mk)=0| - pQCD profile
B 020 -~ 0,=30GeV
solution % [ —— 0,=2.0 GeV
: ";' o1 — ,=1.0GeV |
(D(k) = i Y © 010 [ —-- 0,=0.5GeV ]
£ I
g 0.05 lf R
O < yk € 9{ (’5 L ! \‘\\ MM&\\:
0.00 L— S S C L
0.0 1.0 2.0 3.0 4.0

J. Randrup & St. M., Phys. Rev. C 68, 034909 (2003)

Wave number k; (GeV)



| Hard-Loopdyvamic i

Soft fields in the passive background of hard particles

Braaten-Pisarski action generalized to anisotropic momentum distribution:

VP
Loy = _& j(2 )3 [f(P) (X)((llj.lp))z )aprb“(x)

Cr = p-Y
i Tove ! Dw<x>]

kJIV (k) =0, kA (p.g.k)=2(p)+Z(q)

St. M., A. Rebhan & M. Strickland, Phys. Rev. D 74, 025004 (2004) 35



Imeth of instabilities — 1+1 numerical simulatiorwml

transverse magnetic

SU(2) Hard Loop Dynamics @

1+1 dimenSiOIlS 100% T | T I T |
Mo AM i EE.)/ (m}/g’
AM = AM(L7) ) Scaled yof i
field energy f| ———— £E,)/(m;/g7)
density 1 ... E(B,) / (m/5°)
B 4, 2
Anisotropic particle’s 01 T = &B.)/(m, /87
momentum distribution 5 EHL) / (m /g?)
0.01F g T 3
JFP) = fio(P] +sz) 0.001;5 /’ ?
o, % df... (p) 0.0001F s 7 .
mlz) :—?Idppz—dp 08 | I'—"I | I ::7',Il I I | | | . 3
0 0 2 4 6 y.; 8 10 12 14
(mp,0) Strong anisotropy { =10

A. Rebhan, P. Romatschke & M. Strickland, Phys. Rev. Lett. 94, 102303 (2005) 36



Imrowth of instabilities — 1+1 numerical simulatiorwml

Classical system of colored 82r
particles & fields 80 =,
° o 40 ° ° ° 78:_
initial fields: Gaussian noise as in N kinetic energy density x &, SU(2)
Color Glass Condensate 76~ — kinetic energy density xg’, U(1)
- o ge(E) SU(R)
. . C e .o [ 5 g%(B)SUER)
initial anisotropic particle distribution: S 1oL - gzg(E) u1)
\/ p§+pzz g ; =9 E(B) U(1) .llllllllllll.......
S — ] - guamntt
Phas T L
fo(p,x) ~o(p,)e e — .
o [
c L
a 1 .
%10 E_ " &> 40090 Jossevenssst
Phard = 10 GeV = - I C&@ 000®®®” *
_ 3 1072 jgiRens” oo*
L=40fm p=10fm Z T R R E
0 0.2 0.4 0.6 0.8

time t/L/N,

37
A. Dumitru & Y. Nara, Phys. Lett. B621, 89 (2005).



I%rowth of instabilities — 1+3 numerical simulation I

Abelian 1+3 nonAbelian 1+1

SU(2) Hard Loop Dynamics

Strongly anisotropic particle’s momentum distribution

‘“.’_gp E \ /
-+ & r
= 1
s 10 /
B - !
= - ;
= 0 B f
= 10 = E
E .
% L i
Eal . 3
= nonAbelian 1+3 ]
= §
2 -2 _
E 10 E
= ]
E i
-3 |
10750 40 60 80 100
l'l’lm t

P. Arnold, G.D. Moore & L.G. Yaffe,
Phys. Rev. D72, 054003 (2005)

120

)

/g

[Energy Density]/(Mee

le-03

H T T T ‘ T T T T ‘ T T T T ‘ T T T T ‘ T T T i’/ y T "1#}‘1
10;_ — ‘HL| 3d 4, 0
= '
(L B3
= e
T E-3d
0‘15_ — Total Energy - 3d
F |- HL|- 1d
0.0l |-~ ]
0001 |~
00001

le-06

Lo L’q:—"’/\: 7\_\:"\‘\| 4 ’\PU\/ ,"\ Ll
10 20 30
m,t

A. Rebhan, P. Romatschke & M.Strickland,
JHEP 0509, 041 (2005)

le-07
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a a a 1 C e
Ve [Al=—* A% - A +Zg2fabcfade<Ab-A"><A -A°)

the gauge A =0, A’(,x,,2) = A” (x)

1 1
— a uv ap a

1 e e 1
:_Zngabcfade(Ab'Ad)(A ‘A ) 0

B“ :VxA“+§fabcAb><Ac

P. Arnold & J. Lenaghan, Phys. Rev. D 70, 114007 (2004)



SU(2) Hard Loop Dynamics

~_ If dz AT, D)

) L Tr[j*]

A. Rebhan, P. Romatschke & M. Strickland, Phys. Rev. Lett. 94, 102303 (2005) 40



Classical system of colored particles & fields

10

T T TTTTT
©Q
=3
3
w

j-dx JTr(A, A D)

-3 | | | | | | | | | | | | | | | | | | | | | | | |
1075, 01 02 03 04 05

time t/L/N,

41
A. Dumitru & Y. Nara, Phys. Lett. B621, 89 (2005).



SU(2) Hard Loop Dynamics

]5 T T T

3
3 [ TG D+ @ S+ D) T

C=
\/5 d’x : -

— 3+1 non-Abelian
------ I1+1 non-Abelian | -

P. Arnold, G.D. Moore & L.G. Yaffe, Phys. Rev. D72, 054003 (2005) 42



1+3 simulations of Hard Loops Dynamics

nonAbelian

population population population turbulence
of modes of modes of modes
R 2 m'—l__.—' HE
| l
Mo Phara Mo Phara  ™Mon A Phard
initial stage linear regime nonlinear regime

P. Armnold & G.D. Moore, Phys. Rev. D73, 025006 (2006);
P. Armold & G.D. Moore, Phys. Rev. D73, 025013 (2006).
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Classical system of colored particles & fields

Strong anisotropy

Rapid avalanche
into ultraviolet

population population population
of modes of modes of modes
~m?*/ o2
| l
Mok Phar m Phard Mo A Phard
initial stage linear regime nonlinear regime

A. Dumitru,Y. Nara & M. Strickland, hep-ph/0604149
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/[ fluctuation ’

Q(pax) — QO(pax)+8Q(p9x)

‘ colorless expanding background Q(l)] (p,x)= Sljn( p,X) ’

10y (p,x)1 >>180(p,x)1, 104,0,(p,x)1 >>10"80(p,x)]

N | C pDHQy(p.x)=0
Linearized transport equations

puDHSQ(pvx) - gquuv(x)a‘;aQO(pvx) =0

Expansion delays the onset of instability growth [ A% ~ e ANt

I

A. Rebhan & P. Romatschke, hep-ph/0605064 45



Ve [A“]= = Tr[A®]+ A Tr[A*]+---

4 eff[Aa]

hard-loop term

A< % =0

C. Manuel & St. M., Phys. Rev. D72, 034005 (2005) 46



Vlasov equation

(p.D" - gp"F,, (x)9") 0(p,x)=0

Exact solution for a system L O(p,x)=0= 9% AH (x)

homogeneous along a direction

a”l
0(p.x)= f(p* - gA%(x)) = Z( &) (pe oy &L P

ap,,

[D"A%(x), A%(x)] =0

47




JHO(x, p)=j"Lf (p), A% ()]

!

)
M) = — —eff g
J (x) AH(X) Seir = Id Vg
Vil A% = 32 T8y 42 PE S (P%)
eff =0 (n—|—1)' (27.5)3 Ep apgc
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®

v

i(x)=(0,0, j(x)), B(x)=(0,B(x),0), A(x)=(0,0,A(x))

O(p.x)=f(py.p.—gA.),  Ay=0
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£(por p.) ~ exp(-BpZ +ap>) =expl-B(p> + p>)— (B-) p?)

P

Po= PP+ P

Ve [A. 1= —g20 pj>Tr[AZ2]

EP

g b a(

4
pz
EP

>+%oc2<

2
pz
EP

YTiaty-...

All terms are negative!
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Verr[A, 1=~ Tr{ A7 ]+ A Tr[ A7 ]+

p VerrlA,]

A depends on the momentum
distribution of particles

Pr / A=0
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Collisions slow down the 1nstabilities no collisions ’
£ =10
0.2 I T T T T T T T / T T | ~
RTE (BGK) mOdEI fﬂ_,,_..—-———.._,_q___“‘k >unstable
01 | e T 1 | modes
o e TN TS )
a 0 === T T 3\
E o1} T T T T
— . ..
0.2 + v=0mp Tl el T \ stable
v=0.1mp ———— T~ T modes
o 0.3 | v=02mg ----- ~o
I' — instability growth rate v=0.3mp - ~
v — collision frequency 04 v=04mp ~—o T/
my, — Debye mass 0 02040608 1 1214 1618 2
k/mp

§ — anisotropy parameter

B. Schenke, M. Strickland, C. Greiner & M.H. Thoma, Phys. Rev. D73, 125004 (2006)
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Role of collisions cont.

Instabilities do not produce entropy

< Entropy 1s produced by collisions >
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Direction of the momentum surplus

- s

44»
® ©
B

F ApzjdrF
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Direction of the momentum surplus

-

K | P . ~B“%XE’~k

1

® ©
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Classical system of colored particles & fields

d3p PiPj 10%
Ty = [—5—Lf® S
(2n)” E i -
@ 10 (T,,+T,)/2 —
2 E
7)) L
Isotropy: e T Xx
T. =T, +T.)/2 i
= + 2 i
XX yy <z 1(1:110_1:_ ng)O(’ SU(Z)
S - g g (T +T,,)/2, SU(2)
B “ - g T)o(r U( )
w02 S/ g( *Tz2)f2, U
- uj" T ! [
0 0.2 0.4 0. 6 0.8

time t/L/N,

A. Dumitru & Y. Nara, Phys. Lett. B621, 89 (2005). 3



Expansion into vacuum of self-interacting classical nonAbelian fields

@ilities weuseE

hard modes — particles

soft modes — classical fields

Transverse magnetic modes

P. Romatschke & R. Venugopalan, Phys. Rev. Lett. 96, 062302 (2006);
T. Lappi & L. McLerran, Nucl. Phys. A772, 200 (2006)
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I Anomalous viscosity

collisions B field

pQGP + turbulent B field = sQGP

PM. Asakawa, S.A. Bass & B. Miiller, Phys. Rev. Lett. 96, 252301 (2006)

58



Conclusion

The scenario of instabilities driven equilibration
is dynamically very rich and it provides
a plausible solution of the fast equilibration
problem
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