Lecture VI Introduction to Standard Model 1

Higgs Mechanism

A gauge symmetry requires a masslessness of gauge bosons which in turn leads to the infinite range of the
gauge forces. A Higgs mechanism explains how to combine a gauge symmetry with a finite mass of force carriers.

Spontaneous Symmetry Breakdown
o Let us start with the following Lagrangian density of a complex scalar field ®(z)
L(z) = 0"2" (2)0,8(x) — p*@" (2) (z) — M2"(x) 2())”, (1)
where the parameters A € R and A > 0 while z? € R but p? > 0 or u? < 0.
o The Lagrangian (1) is invariant under the global symmetry transformation
O(x) — " ®(z) O (z) — e D% (z), (2)
where o € R.

o Let us define the potential V = p2®*(z) ®(z) + A(®*(z) <I>(:v))2 which is shown in the Fig. 1 for z? > 0 and
2
we < 0.
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Figure 1: Effective potential for u? > 0 and pu? < 0

« Further on we assume that p? < 0.

e If Im® = 0, the potential, which is shown in Fig. 2, has the minimum at Re® = + —%.
e In general, the minimum of the potential V' is determined by the equation:
2

(Re®)? + (Im®)2 = _/;_X (3)

o The Lagrangian density obeys the symmetry (2) and the minimum of the potential V' given by Eq. (3) is
also symmetric. However, if we choose one specific point like

Im® =0 & Re® =4/ —— (4)

the symmetry is broken, see Fig. 2.
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Figure 2: Effective potential for y? < 0 and Im® = 0

o We define the new scalar real fields

2
6() = V2(Re(x) /=25 ). x(2) = V2Ima(a). (5)
The fields represent fluctuations around the chosen minimum (4) and yx(z) is called the Goldstone field.
The coefficient is v/2 is introduced to get the standard factor % in front the kinetic term of the real field ¢
in the Lagrangian (7).

e The field ®(x) expressed through ¢(z) and x(z) reads
B(z) = = (0(a) + v+ ix(2)) ()
where v = —“72

o Substituting the field ® given by Eq. (6) into the Lagrangian (1), one finds the Lagrangian rewritten in
terms of the fields ¢ and x as

1 1 1 A
L(w) = 50" 606 — §m2¢2 + 50" X0ux — 96(¢” + %) — Z(¢2 +x%)%, (7)

where m? = 2M\v? = —2u2 and g = \v. As one observes, the field ¢(z) is massive but the Goldstone field
x(z) is massless.

Exercise: Derive the Lagrangian (7).

o We have found a special case of the Goldstone theorem which states that a massless (Goldstone) boson
shows up when a continuous global symmetry is spontaneously broken.

Abelian Higgs Mechanism

o We extend the Lagrangian density (1) including the electromagnetic field. Thus, we get

£(r) = F*(2) Foule) + (DF0(2) Dyb(a) — 22" () B(x) —~ A(¥° () B(a))’, ®)

where D¥ = O + ie AM(x).
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The Lagrangian (8) is invariant under the local gauge symmetry transformation

AH(z) — AP (z) 4+ 0" A(x), B(z) = e DB (1), (9)

Since we assume that p? < 0, the symmetry is spontaneously broken.

We define new fields: real scalar H(z) and real vector B*(z) through the relations

P(x) = —(H(z) - v)em(ﬁ”)/“, A*(z) = B*(z) — é@“A(m). (10)

Substituting the fields ® and A" expressed through H and B* into the Lagrangian (8), one finds
1 124 Lo M
L(x) = 1 WHY (z) Wy u(x) + 5 mpBYB,

b5 (O H)(0H) — mi B

2 2 A
+ %BHB“(HQ—i-QvH) LA (11)
where WH(z) = O*BY — 8" B*, m% = €?v? and m% = 2M\v? = —2u?. We note that the constant terms

and linear in H are ignored in Eq. (11).

Exercise: Derive the Lagrangian (11).

The Lagrangian (11) shows that the vector field becomes massive due to the spontaneous symmetry break-
down.

The first line of Eq. (11) represents the Lagrangian density of the free massive vector field B¥, the second
line is the Lagrangian density of the free massive scalar real Higgs field H and the third line represents the
self interaction of the Higgs field and the interaction of B* and H fields.

There is no massless field (no Goldstone boson) in the Lagrangian (11).

We note that the field A(z) is entirely absent in Eq. (11) as the corresponding terms cancel each other. We
see that the ground state of the theory is not gauge invariant but the procedure leading to the Lagrangian
(11) is gauge independent. It means that we could get the Lagrangian (11) defining the fields H(z) and
BH(x) as

O(x) = —(H(:z:) — v), A¥(x) = B*(x). (12)
Let us count the numbers of degrees of freedom before and after the spontaneous symmetry breakdown. In
the Lagrangian (8) we have massless vector field of 2 degrees of freedom (two spin states) and the complex
scalar field also of 2 degrees of freedom (particles and antiparticles). In the Lagrangian (11) we have massive

vector field of 3 degrees of freedom (three spin states) and the real scalar field of 1 degree of freedom (truly
neutral particles). The numbers of degrees of freedom are the same.

Including in the Lagrangian (8) the spinor-field term
P (i(0" +ie A" )y, —m) P, (13)

and applying the gauge transformation v — e~*A/?3)) together with the redefinitions (10), one finds the
following extra term in the Lagrangian (11)

P (i(@” +ieB")y, — m) . (14)

Before the spontaneous symmetry breakdown the spinor field interacts with the massless field A* but after
the spontaneous symmetry breakdown the field interacts with the massive field B*.
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NonAbelian Higgs Mechanism

e The extension of the Higgs mechanism to the non-Abelian theories is straightforward. Further on we discuss
the SU(2) case which is relevant for the Standard Model.

o The SU(2) analog of the Lagrangian (8) reads
1
L= SulF"F,)+ (D*®) D, ® — 12BT® — A(DTP)2, (15)

where D* = 9" 4 igA* and ® is the two-component complex scalar field

P = @;) f = (@7, ®3). (16)

o We note that A* = A#7* and the generators of the SU(2) group 7% are 7% = %0“ where ¢® with a =1,2,3
are the Pauli matrices.

o The Lagrangian (15) is invariant under the SU(2) gauge transformation

Ar — uArUT - Leru)ut, (17)
g
& - UD. (18)

e We choose the field which minimizes the potential as

@0_\2@), u:ﬁ. (19)

o We introduce new fields: real scalar H(x) and real vector B*(x) through the relations analogous of (10)

; 1 0
Ar = uBrUt — Loru)ut, <I>:U< ) 20
L0) S0(e, (20)
o Substituting the fields (20) into the Lagrangian (15), one finds
1 1
Gl E] = G W) &
12
oo = (0, (22)
A
A@TP)? = JH - v)*. (23)

« The only term, which is difficult to compute, is (D“@)TDM@. Using the fact that the covariant derivative
transforms under the gauge transformations as

DM — UDMUT, (24)
one finds

1 . 0
(D”fI))TDHCIJ = 5(0, H —v)( 0, +igB,,) (0" —igB") (H B v) (25)

1 ig 0 ig 0

— _ H I M - _
5 (OuH)(@"H) — —(0,0,H)B (H_U) + 5 (0.H —v)B, ( am)
92

+ (O,H—v)BuB”<HO )

—v

|
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Writing down the field B* as B* = %Bgoa, where ¢® is a Pauli matrix, one finds that the second and third
terms in Eq. (25) cancel each other because

(0,8, H)B* (HO_ v) _ %(@LH)(H —0)B (0, 1)0, (?) — (0,H —v)B, < QSH). (26)

The last term in Eq. (25) is computed as

2 0

H—wv

Q

(0,H — U)BHB#( ) = %(H —v)?B., Bl (0,1)0%" <(1)) . (27)

v |

Using the explicit form of the Pauli matrices
1 (0 1 s (0 —i 3 (1 0
"‘(10’ =G o) 77 o 1) (28)

92 n 0 92 2 I
TO.H—0)B,B"( ) =(H—v)"B.,BL. (29)

one finds that

SO, the final result of the term (D @)TDM(D is
2 8 U) * ' ( )

o Combining the results (21, 22, 23) and (30), the new Lagrangian becomes

1 1 2 2 A
£ = Sl WHW,,] + 5 O H)MH) + T (H = v)*Bo,BY = -(H )’ = J(H v, (31)
which is rewritten as
1
L = 5ur[WWWW] +m% tr[B*B,] (32)
1 1 5 5
+ 3 (0,H)(0"H) — §mHH
A
+ ¢*(H? —20H)?t[B*B,] — A H? — ZH‘*,
where m% = g?v?/4 and m¥; = —2p%. We note that the constant terms and those linear in H are ignored

in Eq. (32).

o As in the Abelian case, the three lines of the Lagrangian (32) represent: the massive vector field, the
massive scalar field and the interaction of the vector and scalar fields.

o In the Lagrangian (15) we have three massless vector fields of 2 degrees of freedom each (two spin states)
and two complex scalar fields also of 2 degrees of freedom each (particles and antiparticles). So, we have ten
degrees of freedom. In the Lagrangian (32) we have three massive vector fields of 3 degrees of freedom each
(three spin states) and the real scalar field of 1 degree of freedom (truly neutral particles). The number of
degrees of freedom is ten and it is the same as before the spontaneous symmetry breakdown.

o We note that analogously to the Abelian case, the procedure leading to the Lagrangian (15) is independent
of the gauge transformation matrix U. Therefore, one obtains the Lagrangian (15) defining the fields H (z)

and B*(z) as
Av = Bb o——( 0. (33)
’ V2 \H —wv

o The Higgs mechanism plays a key role in the Standard Model as will be evident in subsequent lectures.



